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It is shown that the G-dimension and the complete intersection dimension are rel-
ative projective dimensions. Relative AuslanderBuchsbaum formulas are discussed.
New cohomology theories, called complexity cohomology, are constructed. The new
theories play the same role in identifying rings (and modules) with prescribed com-
plexity as TateVogel cohomology does in identifying modules of nite projective
dimension. ' 2000 Academic Press
1. INTRODUCTION
Recently, there has been renewed interest in G-dimension (for deni-
tions, see below) and other related dimensions, especially in view of the
generalizations of the original AuslanderBuchsbaum equality [3, Theorem
3.7]. If in that equality the module is of nite G-dimension, then, as was
shown by Auslander and Bridger [2, Theorem 4.13, b], the formula re-
mains true when the projective dimension of the module is replaced by its
G-dimension. For local rings, Avramov [5] dened the notion of virtual pro-
jective dimension (vpd). Generalizing the notion of complexity, originally
introduced by Alperin and Evens [1], he showed that for modules of nite
vpd the AuslanderBuchsbaum equality is true if the projective dimension
is replaced by the virtual projective dimension minus the complexity of
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the module. In the case of a commutative ring, Avramov et al. introduced
(see [6]) the concept of the complete intersection (CI) dimension. They
showed that if the CI-dimension of the module is nite then it is equal to
the G-dimension; as a consequence, the corresponding AuslanderBridger
equality also holds. They also showed that a local ring is a complete in-
tersection if and only if all modules are of nite CI-dimension (moreover,
for the if part it sufces to check only the CI-dimension of the residue
eld).
The purpose of this paper is to offer new homological perspectives on the
aforementioned concepts. In Section 2, we show that both the G-dimension
and the CI-dimension can be treated as relative projective dimensions for
suitably (and obviously) chosen classes of relatively projective modules. This
fact can be proved in just a few lines. Our proof is longer but it shows how
to construct relative projective resolutions of minimal length. This is done
by what we shall call the pitchfork construction, originally used by Auslander
and Buchweitz to construct maximal Cohen-Macaulay approximations of
modules over commutative Gorenstein rings. In view of this relativization
of the dimension, it is natural to ask whether there is a relative Auslander
Buchsbaum equality over local rings. This would require a notion of relative
depth. In absolute homological algebra, the depth of a non-zero module
over a local ring is always a nite number, but this need not be the case in
a relative setting. We show however that the relative depth is nite when all
modules are of nite G-dimension (respectively, nite CI-dimension) and
the Krull dimension of the ring is different from one. We also show that,
over Gorenstein rings, the relative depth coincides with the absolute depth
for modules of depth zero and for modules of nite projective dimension.
This implies that, over Gorenstein rings, the relative AuslanderBuchsbaum
formula holds for those two classes of modules. On the other hand, for
rings of Krull dimension bigger than zero, the relative depth of a non-
projective maximal CohenMacaulay module is different from its absolute
depth, and the reason for this is the fact that the projective resolution of
the residue eld is different from its relative projective resolution. This
surprising behavior of the relative depth is responsible for the failure of
the relative AuslanderBuchsbaum formula in general. This is summarized
in the following
Theorem. The G-relative AuslanderBuchsbaum equality holds for all
nitely generated modules over a Gorenstein ring if and only if the ring is
artinian or is regular local.
The above results indicate that it would be interesting and illuminating
to determine a possible error term in the relative AuslanderBuchsbaum
equality and understand the relationship between that term and the prop-
erties of the subcategory formed by the relative projectives.
268 alex martsinkovsky
In Section 3 we construct new cohomology theories, called complexity
cohomology, designed to detect objects with prescribed complexity. In par-
ticular, such a theory would vanish identically if and only if all (nitely gen-
erated) modules over the ring have the prescribed complexity. This way we
recover, in particular, local complete intersections. The construction is sim-
ilar to Pierre Vogel’s generalization of Tate cohomology (see [15, Sect. 2]),
and it detects complete intersections the same way TateVogel cohomol-
ogy detects regular local rings. Our construction can be applied to any
module category with a chosen non-trivial additive (with respect to short
exact sequences) real-valued function dened on projectives. It is a very
special case of a rather general construct dealing with functors dened on
diagrams in module categories; a detailed treatment will be given in [14].
Furthermore, the new cohomology theories come with a natural transfor-
mation from the usual Ext−;− to them. Butler and Horrocks showed
[9], by giving an appropriate reformulation of the conditions introduced by
Buchsbaum [8], that relative homological theories are in one-to-one cor-
respondence with the subfunctors of Ext1−;−. As a consequence, the
kernel of the aforementioned natural transformation in degree one gives
rise to a relative cohomology theory. As another open problem, it would be
very interesting to compare this relative cohomology theory with the one
dened by means of the modules of CI-dimension zero. In general, the two
theories are different.
This paper was motivated by Hans-Bjrn Foxby’s elegant proof and fur-
ther generalizations of the AuslanderBuchsbaum formula. The author is
very grateful to him for numerous discussions. The author also thanks Idun
Reiten for illuminating remarks and Luchezar Avramov for several sugges-
tions that signicantly improved the clarity of the exposition. Thanks are
also due to the anonymous referee for his or her pointed comments on the
style of the presentation.
A major part of this paper was conceived and written while the author
was a visitor at the University of Copenhagen. The author thanks the Uni-
versity of Copenhagen for its hospitality and for providing ideal conditions
for work.
2. G- AND CI-DIMENSIONS ARE RELATIVE
2.1. G-Dimension
We begin by recalling the denition of G-dimension (see [2, Chap. 3]).
Let R be a noetherian on both sides ring and let M be a nitely generated
left R-module. The category of all nitely generated left R-modules will be
denoted modR.
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Denition 1. We say that the G-dimension of M is zero if
1. M is reflexive,
2. ExtiM;R = 0 for all i > 0, and
3. ExtiM∗; R = 0 for all i > 0; where M∗ x= HomM;R.
The following result (see [2, Proposition 4.12 for a complete statement],
will be used later.
Lemma 2. Let M be of G-dimension zero. Then ExtiM;L = 0 for all
i ≥ 1 and all modules L of nite projective dimension.
If G-dim M = 0 one can construct the so called complete resolution of
M . Let P→ M be a projective resolution of M and Q→ M∗ a projective
resolution of M∗. Dualizing the latter we have, by Property 3, the exact
complex 0→M∗∗ → Q∗. Because M is reflexive, we can glue the projective
resolution of M and the obtained projective coresolution of M∗∗ into an
exact complex of projectives
· · · → Pn→ · · · → P0 → Q∗0 → · · · → Q∗n→ · · · :
Thus constructed complex is called a complete resolution of M . The proof
of the following lemma is straightforward.
Lemma 3. (a) Complete resolutions remain exact upon dualization
into R.
(b) Any syzygy module in a complete resolution is of G-dimension zero.
Denition 4. We say that the G-dimension of M is n < ∞ if n is the
smallest integer such that there exists an exact sequence 0→ Xn→ · · · →
X0 → M → 0, where G-dim Xi = 0 for 0 ≤ i ≤ n. If no such sequence
exists we say the G-dimension of M is innite.
The next lemma can be found in [2, 3.12].
Lemma 5. If 0 → Xn → · · · → X0 → M → 0 and 0 → Yn → · · · →
Y0 → M → 0 are exact sequences of R-modules with Xi and Yi of G-
dimension zero for 0 ≤ i ≤ n − 1, then Xn is of G-dimension zero if and
only if Yn is.
Since all nitely generated projectives are of G-dimension zero, we have
the following result [2, 3.13].
Proposition 6. The G-dimension of M is the smallest integer n such that
nM is of G-dimension zero, where nM denotes the nth syzygy module in a
projective resolution of M .
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2.2. Relative Projective Dimension
For details on relative homological algebra, see [11].
Let G be the full subcategory of modR consisting of the modules of G-
dimension zero. Abusing the notation, we shall use G to denote the class of
objects of G, and we shall refer to those objects as relative projectives. The
class G gives rise to the class EG, or simply E, of short exact sequences
0 → A → B → C → 0 in modR such that any map G → C, where G
is any object in G, can be lifted to B. (For some C there may be no such
sequence.) The sequences in E are referred to as admissible or relatively
exact sequences. The epimorphisms in those sequences will be referred to
as relative epimorphisms. Recall also that a map f x B → C is called right
minimal if f = f ◦ g implies that g is an automorphism of B.
Denition 7. A relative epimorphism f x G→ C with G in G is called
a relative projective precover, and if f is right minimal we shall say that f
is a relative projective cover.
Now that the notion of relative projective precover has been dened, we
can, as in the absolute case, dene relative projective resolutions and the
corresponding notion of G-relative projective dimension of an R-module.
The latter will be abbreviated to G-rel. pd. In general, modR does not
have enough G-relative projectives. To accommodate the modules for which
relative resolutions cannot be constructed, we set their G-relative projective
dimensions equal to innity. We are now ready to prove the main result of
this section.
Theorem 8. G-dimM = G-rel. pd M for any M in modR. If G-dimM =
n <∞ then M has a resolution
0→ Pn→ · · · → P1 → T0 →M → 0
where T0 is a module of G-dimension zero and P1; : : : ; Pn are nitely gener-
ated (absolute) projective modules.
Proof. It follows directly from the denitions that G-rel. pd M ≥
G − dim M . Therefore we may assume that G-dim M = n <∞. It sufces
to show that G-rel. pd M ≤ n. We begin by applying the pitchfork con-
struction of Auslander and Buchweitz. By Proposition 6, nM is the rst
syzygy module (in an absolute projective resolution) of M that lies in G.
The projective resolution P of M and the complete resolution Q of nM
truncated in degree 0 can be put together into a commutative pitchfork
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diagram
Pn−1 → · · · → P0 → M → 0
↗
· · · → Pn ↑ ↑ ↑
↘
Qn−1 → · · · → Q0 → XM → 0
The vertical maps can be constructed inductively, starting with the isomor-
phism nXM
≈→ nM , then breaking the complete resolution into short
exact sequences, and using the second part of Lemma 3 together with the
fact that the functor Ext1−; R vanishes on G. As a result, we have a map
f x XM →M and a chain map f ′x Q→ P that lifts f . Adding, if necessary,
trivial complexes of projectives to Q we may assume, without loss of gener-
ality, that f ′ is an epimorphism (hence a split epimorphism) in each degree
and, therefore, f is also an epimorphism. This gives rise to a short exact
sequence of complexes
0→ L→ Q f
′
→ P→ 0:
The long homology exact sequence shows that the homology of L is con-
centrated in degree 0. Since f ′ is split in each degree, L is a complex of
projectives and since f ′ is the identity map starting in degree k, this com-
plex is zero in degree n and up. As a consequence, L is a nite projective
resolution of the module YM dened by the short exact sequence
0→ YM → XM
f→M → 0
and therefore pd YM ≤ n − 1. Since, by Lemma 2, the Ext1-functor with
coefcients in a module of nite projective dimension vanishes on G, the
map f is a relative projective precover. For the same reason, any nite
projective resolution of YM is, in fact, a relative projective resolution. Thus,
replacing YM by L in the above short exact sequence, we obtain a relative
projective resolution of M of the desired form and, in particular, G-rel. pd
M ≤ n.
Remark 1. If R is commutative and local, then it is not difcult to show
that, by choosing minimal resolutions and coresolutions in the pitchfork
construction, one obtains a minimal relative projective resolution. (The
minimality simply means that each differential, when viewed as a map into
its own image, is right minimal.)
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2.3. G-Relative Depth over Gorenstein Rings
Throughout this subsection R;m;k is a Gorenstein commutative local
ring with maximal ideal m and residue eld k. In this setting, every module
is of nite G-dimension, and, in particular, every module has a (nite) G-
relative projective resolution. Furthermore, modules of G-dimension zero
are exactly the maximal CohenMacaulay modules and G-relative projec-
tive resolutions are exactly maximal CohenMacaulay approximations in-
troduced by Auslander and Buchweitz (see [4]).
As an example, we shall construct a relative projective resolution of the
residue eld k of R by constructing its approximation (see the introduction
to [4] or [13, Proposition 1.1]). Let n x= dimR and let
0→ nk→ Pn−1 → · · · → P0 → k→ 0
be the beginning of a projective resolution of k. Dualizing it into R and us-
ing the duality for CohenMacaulay modules, we obtain the exact sequence
0→ P∗0 → · · · → P∗n−1 → nk∗ → k→ 0:
Since this is a sequence of maximal CohenMacaulay approximations, it is
also a G-relative projective resolution of k.
Relative projective resolutions can be used to dene relative Ext-groups,
which we will denote Ext∗G, in exactly the same way as absolute projective
resolutions are used to dene the absolute Ext-groups. Moreover, as in the
absolute case (see [7, Sect. 7.2]), the relative groups can be interpreted as
the groups of homotopy classes of chain maps between (shifted) relative
projective resolutions.
Denition 9. Let M be a nitely generated R-module. The G-relative
depth (or simply G-depth) of M is infi  ExtiGk;M 6= 0. (We adhere to
the convention that infZ = ∞.)
Lemma 10. G-depth M = 0 if and only if depth M = 0.
Proof. Suppose depth M = 0. Then there is an embedding f x k→ M
and this embedding lifts to a chain map between the relative projective res-
olutions of k and M . This lifting cannot be null-homotopic, since otherwise
f would be zero. Therefore G-depth M = 0. Conversely, suppose G-depth
M = 0. Then there is a non-contractible chain map between the relative
projective resolutions of k and M , and this map gives rise to a non-zero
map k→M . Therefore depth M = 0.
Lemma 11. If the Krull dimension of R is different from one, then the
G-relative depth of any non-zero module M is a nite number. If R is of di-
mension one and M is a maximal CohenMacaulay module without projective
summands, then G-depth M = ∞.
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Proof. By Proposition 6, the Krull dimension of R equals the G-
dimension of k. Suppose rst that k is of G-dimension zero. Then, by the
AuslanderBridger formula, R, being Gorenstein, is of Krull dimension
zero, and we are done by the previous lemma.
Suppose now that the G-dimension of k is bigger than one. As was men-
tioned above, we can view the relative Ext-groups as the groups of homo-
topy classes of chain maps between (shifted) relative projective resolutions.
It follows from Theorem 8 that the last two modules in the relative reso-
lution of k are (absolute) projectives. In particular, the last module can be
mapped onto any element in the relative projective cover of M 6= 0. Any
such map is a chain map. Without loss of generality, we may assume that
the last differential in the resolution of k is minimal. It now follows from
Nakayama’s lemma that one of those chain maps is not null-homotopic.
To prove the second part of the lemma, we remark that G-depth M
cannot be zero by Lemma 10. Suppose G-depthM = 1 and choose a relative
resolution of k in the form 0→ R→ 1k∗ → k→ 0 (see the example
in the beginning of this section). We can now choose a chain map ϕ
0→ R → 1k∗ → k→ 0
↓ϕ
M
which is not null-homotopic. Dualizing, we have the diagram
M∗
↓ϕ∗
0→ m→ R → k→ 0:
Because M and therefore M∗ have no free summands, ϕ∗M∗ ⊂ m. It
follows that ϕ∗ and therefore ϕ are null-homotopica contradiction.
Our next goal is to compute the relative depth for modules of nite
(absolute) projective dimension. First, we need some preparatory results.
The following lemma was obtained in joint work with L. Avramov.
Lemma 12. Let 3 be a noetherian on both sides associative ring, and let
f x G→ F be a quasi-isomorphism (in the absolute sense) of bounded below
complexes of modules of G-dimension zero. Then f;3x F;3 → G;3 is
also a quasi-isomorphism.
Proof. Let ix 3→ I be an injective resolution of 3. Since I is a bounded
above complex of injectives and f is a quasi-isomorphism, the chain map
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f; I in the commutative diagram
F;3 f;3−→ G;3
↓F; i ↓G; i
F; I f; I−→ G; I
is a quasi-isomorphism. Therefore it sufces to prove that the maps F; i
and G; i are quasi-isomorphisms. The map F; i is a quasi-isomorphism
if and only if its mapping cone C is exact. The complex C can be viewed as
a bicomplex whose entry at position j; k is Fj; Ik if k 6= −1. If k = −1
then the corresponding entry is Fj;3. Since the Hom-functor is left exact
and the higher Ext-functors with coefcients in 3 vanish, by assumption,
on the modules Fj for all j, each column Cj of C is exact. Let i = inf F .
The short exact sequence
0→ C>i → C → Ci → 0
shows that the inclusion C>i → C is a quasi-isomorphism. By induction, all
the inclusions
→ C>i+n→ · · · → C>i → C
are quasi-isomorphisms. In each total degree, there are only nitely many
components of C, because F is bounded below and I is bounded above.
Therefore each component of C of a given total degree d will be outside of
C>i+n if n is big enough, and HdC ∼= HdC>i+n = 0. The same argument
gives the desired result for G; i.
Lemma 13. G-depth R = depth R.
Proof. Let G → k be a G-relative projective resolution and P → k
an absolute projective resolution. The identity map on k lifts to a quasi-
isomorphism P → G, which, by the previous lemma, gives rise to a quasi-
isomorphism G;R → P;R. The desired result now follows.
Proposition 14. Let L be a module of nite (absolute) projective dimen-
sion. Then G-depth L = depth L.
Proof. Let n = dim R and let
G x= (0→ Tn→ · · · → T1 → X → k→ 0
be an (augmented) relative projective resolution of k. Theorem 8 shows
that the modules T1; : : : ; Tn are projective in the absolute sense. Let pd
L = s and
Q x= (0→ Qs → · · · → Q0 → L→ 0
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be an absolute projective resolution of L. By the AuslanderBuchsbaum
equality,
s + depthL = n:
Let t x= G-depth L; rst we shall show that t ≤ n− s. In other words, we
have to nd a chain map βx G→ Q−n− s which is not null-homotopic.
The example at the beginning of this section shows that the relative reso-
lution G of k can be rewritten as the R-dual of the (soft) truncation of its
minimal projective resolution:
0→ P∗0 → P∗1 → · · · → P∗n−1 → nk∗ → k→ 0:
Dualizing Q, we dene M as the cokernel of Q∗s−1 → Q∗s . Then M is a
non-zero module and there is an epimorphism f x M → k. This map can be
lifted to the projective resolution of k, whence a commutative diagram
Q∗0 → · · · → Q∗s →M
↓ ↓ ↓f
nk→ Pn−1 → · · · → Ps → · · · → P0 → k
Since f is onto, its lifting is not null-homotopic. Dualizing this diagram we
have the desired chain map β, which establishes the claim that t ≤ n − s.
Now suppose that t < n − s and let αx G → Q−t be a chain map which
is not null-homotopic. The last component of α, viewed as a chain map, is
concentrated in a degree smaller than n. Since G-depth R = n, that map
is null-homotopic. Dualizing α, we have a chain map from a complex of
projectives to an acyclic complex. Hence, by the homotopy lifting prop-
erty, the dual of α; and therefore α itself, is null-homotopic. The obtained
contradiction shows that t = n− s.
Combining the above results with the AuslanderBridger equality we
have
Theorem 15. Suppose R is Gorenstein and an R-module M is either
of depth zero or of nite (absolute) projective dimension. Then the relative
AuslanderBuchsbaum equality holds:
G-rel. pd M + G-depth M = G-depth R:
Proof. Under the above assumptions, all the relative quantities coincide
with their absolute counterparts.
The next result shows that the theorem just proved is, in a sense, the best
one can hope for.
Theorem 16. Suppose R is Gorenstein. Then the G-relative Auslander
Buchsbaum equality holds for all nitely generated modules if and only if R is
artinian or R is regular local.
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Proof. The if part has already been proved. Now suppose that the
relative AuslanderBuchsbaum equality holds. We may assume, because of
Lemma 11, that the Krull dimension n of R is at least two. Let X2k→ 2k
be the relative projective cover of the (absolute) second syzygy module
of k. Assume that R is not regular. Then this map does not lift through
the projective cover P2 → 2k, because otherwise X2k would have a free
summand and that cannot happen by the main result of [16, Theorem 6].
We now have a chain map
X2k
↓
nk→ · · · → P1 → P0
that is not null-homotopic (here the bottom row is a truncated projective
resolution of k). Dualizing this diagram we obtain a chain map from the
relative projective resolution of k (see the proof of Proposition 14) to the
relative projective X2k∗. Because this map is not null-homotopic, the
relative depth of X2k∗ is at most n− 1. Since the absolute depth of this
module is n, the relative AuslanderBuchsbaum equality cannot hold. Thus
R must be regular.
The above results suggest that the relative AuslanderBuchsbaum equal-
ity may require an error term. Of course, the issue is how to relate that
error term to other invariants of the module. As is seen from the proof of
the last theorem, the failure of the relative AuslanderBuchsbaum equal-
ity is predicated by the deviation of the projective resolution of k from the
relative resolution of k. It is to be hoped that this deviation can be quan-
tied in more concrete terms. In fact, an argument similar to the one just
used shows that the relative depth of Xik∗ is at most n− i+ 1 · · · :
Remark 2. One may hope that a smaller relative global dimension and
the existence of enough relative projectives would sufce for the desired
relative formula. This is however false: it is possible to construct a heredi-
tary relative theory with enough projectives for which the formula fails. The
class of relative projectives is formed by the modules that have no simple
extensions with the ring. It is well known (or can easily be proved) that this
theory has enough relative projectives and that each module is of relative
projective dimension at most one. It is equally easy to demonstrate the fail-
ure of the relative AuslanderBuchsbaum formula. The details are left to
the reader.
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2.4. CI-Dimension
Throughout this subsection R;m;k is a commutative noetherian local
ring with maximal ideal m and residue eld k. We rst recall the denition
of the CI-dimension (see [6, Section 1],).
Denition 17. A (codimension c) quasi-deformation of R is a diagram
of local homomorphisms R→ R′ ← Q, where R→ R′ is a flat extension
and R′ ← Q is a (codimension c) deformation of R, i.e., a surjective local
homomorphism with kernel generated by a (length c) regular sequence. If
M is an R-module, the symbol M ′ will denote the R′-module M ⊗R R′.




′ − pdQR′ R→ R′ ← Q is a quasi-deformation
}
:
Of special interest to us are modules of CI-dimension zero. The full
subcategory formed by those modules will be denoted by C, and the full
subcategory of modules of nite CI-dimension will be denoted by bC. Let
M be a nitely generated non-zero R-module. By Lemma 1.9 of [6],
CI-dim nM = maxCI-dimM − n; 0} for n ≥ 0:
Therefore the category bC consists of modules having nite resolutions by
objects of C. We also recall that [6, Theorem 1.3], if CI-dim M is nite
then CI-dim M = G − dim;M .
We now consider the relative homology theory dened by the modules
of CI-dimension zero. The corresponding relative projective dimension will
be denoted C-rel. pd.
Proposition 19. C-rel. pd M = CI-dim M for any M in modR.
Proof. Suppose 0 → N → P → L → 0 is an exact sequence of nite
R-modules, where N is of nite CI-dimension and P is projective. I claim
that L is also of nite CI-dimension. To see that, we consider a quasi-
deformation R→ R′ ← Q such that pdQN ′ is nite. Since P is projective,
pdQP
′ is also nite. On the other hand, R′ being flat implies that 0 →
N ′ → P ′ → L′ → 0 is also exact and therefore pdQL′ is also nite and CI-
dimL is nite. It now follows that the pitchfork construction described in
the previous section yields a short exact sequence 0→ F → XM →M → 0
with XM of nite CI-dimension. Since that dimension must equal the corre-
sponding G-dimension, XM is of CI-dimension zero. For the same reason,
the obtained sequence is a CI-relative projective precover, and, as before,
replacing F with its nite projective resolution we obtain a relative pro-
jective resolution of M of minimal length. The desired result now follows.
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The fact that the pitchfork construction for a module of nite CI-
dimension yields a C-relative resolution allows us to obtain immediate
analogs of the results from the previous section proved for Gorenstein
rings; the only changes required consist of replacing the term Goren-
stein with complete intersection and replacing G-dimension. with
CI-dimension. In particular we have the following
Theorem 20. Let R be a local complete intersection. Then the C-relative
AuslanderBuchsbaum equality holds if an only if R is artinian or regular
local.
3. COMPLEXITY COHOMOLOGY
The purpose of this section is to introduce a new cohomology theory for
modules over associative rings that would vanish identically over a local
commutative ring if and only if the ring is a complete intersection. In other
words, complexity would be detected by the vanishing of an appropriate
cohomology theory.
3.1. Construction
Let 3 be a noetherian on both sides associative ring with identity and
mod3 the category of nitely generated (left) 3-modules. Let ϕ be a non-
zero additive (with respect to short exact sequences) function on isomor-
phism classes of projective 3-modules with values in non-negative integers.
Examples of such functions include the rank for commutative local rings,
the k-dimension for algebras over a eld k, and the length for artin rings.
For each module M in mod3 we choose and x a resolution PM; dM →
M by nitely generated projectives. Disregarding the differentials, we have
a sequence PM in mod3. For any two modules M and N in mod3 a
complex HomPM;PN;D of abelian groups can be dened by the stan-
dard formulas: HomPM;PNn x=
Q
i∈ HomPMi; PNi+n and if f ∈
HomPM;PNn then Df  x= dN ◦ f − −1nf ◦ dM . Thus f is nothing but
a sequence of maps fi x PMi → PNi+n.
Next we want to dene a subcomplex FPM;PN of HomPM;PN: a se-
quence f x= fi of degree n is in F PM;PNn if and only if there exist non-
negative integers r and c (depending on f ) such that for each large enough
i the map fi factors through a projective module Li with ϕLi ≤ ric−1. It
is easy to verify that F PM;PN is indeed a subcomplex of HomPM;PN.
As a consequence, we have a short exact sequence of complexes of abelian
groups:
0→ F PM;PN → HomPM;PN →ϕ PM;PN → 0: (1)
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Denition 21. The complexity cohomology ExtiϕM;N is dened as
H−iϕPM;PN.
Viewing HomPM;PN as a (bi)functor, one can easily check that
F PM;PN is an additive subfunctor and therefore ϕPM;PN is an addi-
tive quotient functor. Since any two projective resolutions are homotopy
equivalent and since additive functors preserve homotopy, ExtiϕM;N
does not depend on the choice of projective resolutions. Furthermore, a
standard calculation shows that a short exact sequence in any of the two
variables gives rise to a functorial long exact sequence of the Extϕ-groups.
We have thus proved
Theorem 22. ExtiϕM;N is a cohomology theory.
Now we want to show how the new cohomology theory detects com-
plete intersections. Let R;m;k be a local ring with maximal ideal m
and residue eld k. For a nitely generated projective R-module M we
set ϕM x= rankM . Associated with this ϕ we now have the complexity
cohomology Extiϕ−;−.
Theorem 23. Under the above assumptions, Extiϕ−;− vanishes identi-
cally if and only if R is a complete intersection.
Proof. Suppose that R is a complete intersection. Using the Shamash
construction (see [17, Corollary 1]) and the AuslanderBuchsbaumSerre
characterization of regular local rings, one easily sees that the minimal res-
olution of any nite R-module is of polynomial growth. Hence any map
between the projective resolutions automatically factors through a complex
of projectives of polynomial growth. Therefore the quotient functor is zero,
and complexity cohomology vanishes identically. Conversely, suppose com-
plexity cohomology is identically zero. In particular, the cycle given by the
identity map on the minimal projective resolution of the residue eld is
homotopic to a chain map factoring through a sequence of projectives of
polynomial growth. This implies that the ranks of the identity maps on the
projectives in the resolution of k modulo the maximal ideal grow polyno-
mially. In other words, the minimal resolution of k is of polynomial growth.
The desired result now follows from a result of Gulliksen [12, (2.3)].
Remark 3. Requiring that the integer c in the denition of the com-
plexity cohomology be independent of f , we obtain cohomology theories
indexed by the non-negative integers c. Moreover we also obtain natural
transformations from the theories with smaller values of c to the theories
with higher values of c. It is of interest to compare the corresponding quo-
tients with the Hom-sets in the complexity quotient categories dened by
Carlson et al. [10] for modular representations of nite groups.
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3.2. A Relative Cohomology Theory
Now we want to show that associated with complexity cohomology is
a relative cohomology theory. Recall that, by Butler and Horrocks [9,
pp. 159162], relative cohomology theories in module categories are in
one-to-one correspondence with (additive) subfunctors of Ext1−;−.
The dening short exact sequence (1) gives rise to a long exact se-
quence of cohomology functors. The cohomology functor in the middle
is the usual Ext-functor. Taking the kernel of the natural transformation
from Ext−;− to Extϕ−;− in degree one, we obtain a subfunctor of
Ext1−;−, and hence a relative cohomology theory. By the preceding
theorem, this relative theory coincides with the usual Ext1−;− if R is a
complete intersection. In this case the relative projectives coincide with ab-
solute projectives. In particular, this relative cohomology is different from
the one dened by means of modules of CI-dimension zero. It would be of
interest to understand this relative theory and, in particular, to identify the
corresponding class of relative projectives. Notice that the (polynomial)
complexity subfunctor contains the subfunctor of maps of complexity zero,
the latter giving rise to Vogel cohomology. It can be shown that, over a
complete intersection (and, more generally, over a Gorenstein ring), the
Vogel projectives are exactly the mCM modules. Therefore the relative
projectives for the (polynomial) complexity subfunctor are a subclass of
the class of mCM’s. The argument above shows that this subclass is differ-
ent from the class of modules of CI-dimension zero. It would also be of
interest to determine whether the relative AuslanderBuchsbaum equality
holds for this new relative theory.
Remark 4. It is tempting to interpret Avramov’s formula (see [5, Theo-
rem 3.5])
vpdM + depth M − cx M = depth R
where cx M denotes the complexity of M , as a relative Auslander
Buchsbaum formula with −cx M as the error term. This is however impos-
sible since vpd M = 0 if and only if pd M = 0 (see [5, Lemma 3.4 (1)]),
and therefore the corresponding relative theory coincides with the absolute
theory.
Note added in proof. It was brought to my attention that Theorem 8 had been proved by
Enochs and Jenda in their paper Resolutions by Gorenstein injective and projective modules
and modules of nite injective dimension over Gorenstein rings, Comm. Alg. 23(3) (1995),
869877, Theorem 5.2.
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